INTRODUCTION
In our earlier studies [l, 21, we investigated representations of vague preferences and came up with consistent languages based on intervalvalued fuzzy sets [3] to represent such vagueness. We also constructed interval-valued preference structures and developed techniques under which a crisp choice is possible. As an application of those ideas, we consider the initial localization problem for a mobile robot equipped with sonar sensors. Here, the vagueness arises from the sonar sensors.
We outline a specific formulation in which a map of the environment is assumedto be available to the robot. This assumptionis nottoo limiting since the search procedures we propose are independentof the way the map is constructed. Therefore a module which creates and maintains a map can easily be hooked up with the methods described here.
The main problem in localization is the vaguenessarising from the sonar sensors as discussed in Section 2. We propose (with other authors [4]) that a sonar reading can be represented by an arc in two dimensions. The width of the arc captures the errors resulting from distance measurements using sonar sensors. Obviously, more sophisticated representations can be consideredbut as will be shown, the expressivepower of the simpler representation is sufficient for practical purposes.
The localization problem is solved by performing a search on the map and is carried out in two stages: orientation estimation and position esthation. The search mechanism utilizes the concepts of scaling and interval-valued preference structures developed in [2] to make a choice between possible arientations and/or positions. The search procedures are described in Section 3.
The proposed procedures are illustrated on several experimental settings as reported in Section 4.
The limitations and advantages of the proposedprocedures are discussed and further research directions are given in Section 5.
THE PROBLEM
A mobile robot is usually defined as a robot which uses a certain kind of sensing modality (sonar, infrared, laser etc.) to navigate in an unknown environment [5]. Such a robot is called autonomous if it does not require any artificial beacons or any modifications to its environment for navigation.
One commonly used sensing modality for mobile robots is the sonar. Sonar is popular in robotics mainly because of its extremely low cost when compared to other modalities like infrared and laser. The robot to be considered in this study uses a standard Polaroid sonar sensor 161 which only uses Time-Of-Flight (TOF) information.
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The problem of localization is a commonly encountered problem in achieving an autonomous behaviour for a mobile robot. Localization is the process of determining the position and orientation (sometimes called 'compassing')oftherobot withrespectto aglobalreferenceframe. The problem can simply be put as a question for the robot: "where am I?". In order to answer that question the robot must have a sense of its environment (a global reference frame).
The robot has access to several sources of information:
-Most simple devices for measuring position and distanceof arobot are relative measurement tools like odometers. Odometers measure the distance traveled by the wheels (see Figure 1) . From this, imperfect estimates of position and orientation can be obtained.
This information becomesvery unreliable wheneverthe robot navigates at high speeds and makes many turns.
-Sensors can be of various modality. In particular, we focus on sonar sensors. A sonar sensor provides a range reading in the direction it faces. The position and the direction of the sonar sensor is known in robot coordinates. The range reading, on the other hand, can be prone to various errors.
Hence, both sources of information are prone to errors. There is nothing to be done about the errors of the sonar sensor except for replacing and/or enhancing the sonar itself. Otherwise, the robot simply has to "live with them". Usually cost considerations prohibit using more expensive sensors than sonars. Therefore to be able to identify the position of a robot based solely on sonar input is very important for navigation purposes. There has been many approaches to the localization problem 17, 8, 9, 4, lo] . All the studies start with an analysis of the sonar data and then build a representation for the error in sonar readings. Several studies assume an a priori map while others are building a map on a first pass and maintain it throughout localization.
In this paper, we discuss the case with a given a priori map. This map can be obtained in one of two ways: either a hand measured map (like architect's plans) can be given to the robot or the robot is required to build a map on ajirstpass. Both approaches have been reported in the literature [7,4,10,11]. Mainly, the latter approachis suggestedbecause if the robot has noisy sensors (like sonars) what it "sees" can be quite different from what it is expected to see from a hand measured map.
Thetechniqueto bediscussedin this paperassumesthat an apriorimap of the environment is available to the robot but makes no assumption as to how this map is created. However, it should be bome in mind that a map created by the robot with sonar sensors will be prone to the errors that we describe next.
Sonar has very unfavorable characteristics in air as opposed to under water for which it was originally designed. Many researchers, disappointed by the performance of the sonar sensors, described this sensing
The robot Figure   modality as unreliable and unpredictable. However, the main misleading factor in such conclusions is the expectation that the sonar beam behaves as a ray. Unfortunately this is not true. Sonar beam has dispersion associated with it and "sees"the environment in its "own (consistent) way." [4, Chapters 1,2] give a through account of this misconception and conclude that: "sonar does not deserve its bad reputation". The Polaroid sonar sensor, which is the most widely used sensor in robotics research community, obtains arange measurementvia TOF information. A sensor fires a sound wave at a precisely known angle (in robot coordinates) and waits for the echo. Ethe echo is strong enough to pass a certain threshold, it is recorded as a range reading and the distance measurement is calculated utilizing the speed of sound and the time of flight information. The threshold can be arranged so that the sonar does not detect anything beyond a desired distance. Our robot is setup to detect a maximum distance of 250 cm. If no range reading is available, the sonar circuit returns the value 255. This is referred to as a null reading. This provides a range reading in the angle k e d and is a piece of evidence that there exists an obstacle in that direction at the calculated distance. Unfortunately, it is impossible to pinpoint the exact point of contact of the beam with the obstacle because of angular dispersion associated with the sound wave.
We make a crucial assumption for the representation [4]: 2-D Assumption: It is assumed that the actual three-dimensional geometIy of the environment in which the robot moves is orthogonal to the horizontal plane in which the sonar readings are taken.
This assumption mostly holds in human built, indoor environments like office spaces, factories etc. Utilizing this assumption, the obstacles that the sonar detects can be represented in 2-D. At any instance for a single beam, the angle at which it is fired, 0, is precisely known. The distance reading is d cms, but the obstacle from which this beam is reflecting can be anywhere on the arc, drawn at that distance and has a width of a degrees. It should be noticed that the arc representation is only reasonable under the 2-D assumption.
To verify that the arc representation is a reasonable one, consider Figure 2. In that figure, the robot is made to walk in amom and collect data with (top) two of its rotating sensors. In Figure 2 .a, a point is drawn at the distance observed and at the orientation of the sensor (0). In Fig explains the data better (an arc, almost always, intersects with an object in the room). However, the uncertainty associated with 30' arcs is unbearably large.
The width of the arc is not always as high as 30°, but the problem is, we do not know where it is more reliable. The crucial question is: what is the beam width, a? Is there any characterization of it? Reportedly, a , can be as high as 30' [4] and that is the reason we have chosen to set a = 30' in Figure 2 .b giving it the mostpessimistic characterization.
There is a well known phenomena of "false readings" after a critical angle with sonar sensors. In Figure 3 , these false readings are circled. The problem is: when you do not know that the robot is facing the wall, which readings are false? This is almost impossible to judge because the beam width is a function of many factors among which most are uncontrollable. The uncontrollable factors are:
1. Texture of the obstacle: soft materials tend to absorb sound waves whereas good reflectors like metals or glass can be detected from very of€ angles. 2. True bearing to the obstacle: coupled with the first factor, the true bearing to the obstacle results in different beam widths. A dead ahead wall can be detected virtually without error, whereas a metal wall can be detected from very off angles with sporadic errors in distance readings.
As far as the robot is concemed, it has no idea of the texture of the materials in the environment nor the true bearing of the reading. In this case, the true bearing of contact with an object can be anywhere on the arc of a degrees. We propose that the arc itserf is the representation.
Furthennore, it is safer to rely on a smaller portion of the arc for longer distances (cf. Figure 3 , the triangular region). Therefore, we define o ( d ) to be the beam width of the sonar which is given as:
The variable beam width, a ( d ) , is a linear function of distance. This relationship indicates that the angular error associated with small distances is larger or to put it in other words, smaller portion of the arc is reliable as the distance increases. To compare the effects of this variable arc representation with point and constant arc representations, the data depicted in Figure 2 is redrawn with the variable arc representation in Figure 4 . This tends to explain the data bemr than points and constant (30') arc representations.
An arc of CY (d) degrees is drawn at each distance reading.
Figure 4: Arc as a function of distance 3. A SEARCH STRATEGY
We propose a search strategy to solve a very general case of the localization problem. The only assumption made is that an a priori map of &e environment is available to the robot. This situation can be considered to be created by the following scene: a mobile robot is navigating in an indoor environment and has a crude map of the environment. At one point, it is tumed off and manually carried to another place. There, it is tumed on and is required to figure out where it is in terms of the map coordinates (z,y, and orientation) by using sensory input only.
Among the many possible approaches to localization, some are the so called target tracking approaches [4]. These approachesemploy a sonar
model to predict what the data should be and then using mostly Kalman filtering models try to minimize the deviation between the expecredbehaviour and real data. Although the difliculty of coming up with an accurate sonar model and problems of venfying the assumptions of the K a h n model are spelled out many times, such approaches have been widely utilized. Other approaches to localization utilize various metr i c~ to maximize for "good" localization. These metrics are usually chosen in an ad hoc manner, but are claimed to be intuitively valid [IO] .
In the approach proposed in this paper, an arc representation which is a function of distance is assumed. Therefore a scan obtained from the rotating sonar array is simply represented as shown in Figure 5 . There are sixteen distance readings in this scan. Only seven of them are nonnull readings. These are the smaller and wider arcs. The tall and slim arcs are 255 cm readings corresponding to null readings which can be totally ignored. They are drawn merely to show the range of the scan.
A complete scan taken from a part of the room. Out of 16 readings only the denoted 7 are non null readings.
Figure 5: A single scan
The localization problem can be considered as if one is trying to match the scan shown in Figure 5 to a given map by assuming different orientations and starting points. What is required is a measure which measures how good the match is. The necessity of such a measure gives rise to the simple concept of a "hit" which is discussed next.
A hit is defined to be the case where an arc (which represents the sonar reading) intersects with an object from the map. Only this information is assumed to be provided by the sensors and by its very nature this is an ordinalinfomation. For each orientation of the sensor (known only in robot coordinates) there is a 0-1 hit value. Let us take an example as in Figure 6 . In this figure, the scan shown in Figure 5 is rotated and an external map is introduced. Of the seven non-null readings in the scan, eve (shown as black) are hits: they intersect (match to) an object from the map. The hit measure for this position and orientation of the scan is obtained as 5/7. Hence a hit measure can be found which measures the "goodness" of the match of the scan to the map at that particular position and orientation. This idea will be used in the two search procedures we will introduce.
Figure 6: Hit measure example
Although, the hit measure looks like it provides probabilistic information, a moment's thought reveals that it is not so. Hit measures need not add up to one as probability measures do. In fact, they are usually subadditive (less than one) but they can also be super-additive (greater than one) when a single hit intersects with more than one object in the map. Indeed, a hit measure would be a probability measure when the beam width (the width of the arc) is O', i.e., the beam is a ray. We argued in the previous section that this is not the case for sonar beams. The hit measure, although a single value, actually represents vague information arising from the sonarreading. The situation is analogous to that of arandom variable. However, although we know the calculus that govem random variables we usually have little idea about what to do when we have a vague measure like the hit measure. We propose to treat hit measures within fuzzy set theory [12] . Our research on representation of vague preferences and choice processes associated with such preferences [l, 21 provide an interval-valued calculus to deal with vague measures. Perhaps the most important difference of the new calculus to that of probabilistic methods is that: in the new calculus incomparability is also a decision. This is to be expected since the vagueness arising &om sonar sensors will blur the clear distinctions between choices.
The localization problem is discussed in two steps: in the 6rst step, it is assumed that an approximate knowledge of robot's position in world coordinates is known (from odometers, for example) but no reliable orientation information is available. This is the problem of orientation estimation (Section 3.1). In the second step, no position or orientation information is assumed to be available. This is the general localization problem to recover from cases when the robot is lost. Two search mechanisms are proposed to solve these problems in which the aim is to discard dominated positions and orientations by a crude search and then make a refined search for the remaining positions and orientations.
Orientation estimation
For orientation estimation the following two stage procedure suggests itself: We have shown [2] that scaling a measure using a triangular norm results in a painvise preference matrix between altematives on which interval-valued preference analysis can be carried out.
Orientation Estimation

Position estimation
When the information from the odometers is totally unreliable or unavailable (when the robot is lost) the only way for the robot to localize itself with respect to the map is to match the sensor data to the map by searching different starting points in the map. Of course there are infinitely many points to consider in the map and the complexity of this search is detenuined by the complexity of the map.
However, there is a way to limit the search space. First of all, not all the points in the map should be searched. This is dependent on the minimum and maximum distances in a single scan. Only those points from which the robot can "see" an object must be considered. Of course, with a complicated map, this can be a very hard problem to solve by itself but for practical purposes it is sufficient to consider the points that are minimum to maximum scan values away from objects in the map.
The second reduction comes from increasing the beam width. As already mentioned, the beam width, a, can be as large as 30' depending on the reflexivity of the objects in the environment. Therefore, instead of a ( d ) defined by (l), the beam width can be set at 30' for a first pass. If there are points from which no hits are recorded with 30' beam width, there is no need to consider these points any further. For the remaining points a more refined search can be performed.
A four stage search procedureis suggestedfor complete localization. In the first two stages, a crude search is performed with 30' and 20' arcs. The first two stages are mainly used to eliminate dominated solutions. They are crude becauselarge beam widths are used. The rationale is: if there are no hits with these large beam widths from this (x,y) position it can be eliminated from further consideration. After the first two stages, a more refined search is performed within their i~2 cm neighbourhood for the points that are not eliminated. If there is more than one candidate from this refined search, their maximum hit measures are scaled and the choice process is performed for (z, y) pairs. For the chosen pair(s) a detailed orientation estimation (stage 2 of Procedure Orientation Estimation) is performed. This procedure is outlined as follows:
Procedure Localization
Stage 0 Decide on parameters and take a full scan from the environment.
Stage 1 Stage 4 For all chosen (z, y) pairs from stage 3 perform the second stage of Orientation Estimation to come up with a reliable orientation estimation.
In the procedure, seven parameters are used in stages 1-3, respectively. These are set at: S1.DIST.INCREMENT 40 cm S2.DIST.INCREMENT 10 cm S2.DIST.VALUE 20 cm Figure 2 and can be changed at will to change the behaviour of the search. For example, increasing S1 .DIST.INCREMENT and S2.DIST.VALUE will decreasethe search time at the cost of possibly skipping a good solution.
The W t three stages of the Localization procedure are designed to perform a position estimation by utilizing the crude portion of the Orientation Estimation procedure and the last stage performs a detailed orientation estimation. The procedure terminates, if either there is no apparent choice in any stage in which case more information is required or successfully after stage 4.
EXPERIMENTAL RESULTS
We tested the procedures described above in two different experimental settings. One experimental setting is shown in Figure 2 . The other one is as shown in Figure 7 . The experimental setthg is in an indoor Figure 7 : Map for the second experiment laboratory environment. In each case the robot is made walk a certain distance, stopped, made collect scans from the environment, its position and orientation is hand measured and the localization searchprocedure is performed to yield the estimates. Estimates are then compared to hand-measuredvalues. There are 16 and20 points f " whichthe localization is performed for experimental settings 1 and 2, respectively. The results are tabulated in Tables 1 and 2 where the W t column shows the experimental setting by indicating the number of ( E , y) points localization is performed. The second, third and fourth columns show the number of estimates found by the localization procedure which are within k 2 cm., +4 cm., and f 1 2 cm. of their hand measured values.
The last column shows the number of times the localization procedure could not find an estimate. In the first experiment, the setting in which the scans are taken is close to an extreme case in localization problems which is known to produce the so called "hallway effect". This situation happens when the robot is moving along a corridor where there are readings from the side walls (on the x-axis) but no information is available on the y-axis. As expected, the search mechanism we propose attained a reasonable position and orientation estimation on the x-axis but not on the y-axis (cf. In this case the average CPU time was 63 seconds with a maximum CPU time of 110 seconds on the same machine. Hence, one can gain precision at a cost of CPU time.
CONCLUSIONS
The approach proposed in this paper to the mobile robot localization problem is merely one of the many ways to solve the problem. Since the problem is dependent on so many uncontrollable exogenous factors, it is very hard to pinpoint what is the best approach to solve the problem. In the many methods proposed in the literature to solve the same problem with similar robots, errors of as high as 15 cm are reported in localization problems 141. However, clearly a procedure which works well in one environment can perform poorly in another and there is no way to compare results reported in the literature unless the experiments are repeated in the same environment.
The situation is analogous to finding the optimal solution in a non-linear programming problem using a heuristic search. However, in localization there are virtually no clues to guide the search mechanism. This aspect of the localization problem is well known and frequently reported [8, 101.
The advantage of utilizing interval-valued preference structure based techniques can be summarized as:
The techniques provide strict preference, indifference and incomparability results in the choice process without requiring arbitrary thresholds set by the user.
0 The techniques do not require more information than the data can provide. Only the ordinal aspects of a simple hit measure are required.
The limitations of the current approach to the problem can be summarized as:
The search procedure is sensitive to the starting search point (i.e., the procedure can converge to different solutions depending on the initial starting point for the search. This drawbackcan be overcome by a more intelligent searchpoint generator which canpreprocess the given scan and the map for appropriate starting points for further searching. However, there is still a problem to be tackled as is discussed next.
The search procedure (and indeed any localization algorithm) is sensitive to objects that are not in the map. When the scan has non-null readings corresponding to an object which does not appear in the map, it can be deceived. Building a map "on-the-fly" and maintaining it throughout the localization problem partially avoids this problem.
The procedure is memryless in the sense that, at each instance, localization is performed from scratch. No past localization information is recalled and reused. In fact, this is not a limitation for recovering from lost cases since there is no prior information to use in such cases. However, once a reliable localization is attained a different mode of localization must be employed which is in tune with the ideas of "target tracking".
Taking the limitations of the current approach into account, at least two extensions can be proposed:
Although the procedures can work with a humanconstructedmap, to obtain a full autonomous behaviour, a mechanism to build and maintain a map by the robot has to be developed. In order to do thatarobustnavigation algorithm also needsto be developed. These are also left in our future research agenda.
The search mechanisms proposed here are to recover from lost cases which is a rather hard localization problem. However, there is still a need to devise algorithms that "keep track" of the position found and use the continuously available scans to update the estimations. This is left in our future research agenda.
